In this article we present a class of codes with few weights arising from special type of linear sets. We explicitly show the weights of such codes, their weight enumerator and possible choices for their generator matrices. In particular, our construction yields also to linear codes with three weights and, in some cases, to almost MDS codes. The interest for these codes relies on their applications to authentication codes and secret schemes, and their connections with further objects such as association schemes and graphs.
Introduction
Let q = p h , with p prime and h ≥ 1. A q-ary linear code C is any F q -subspace of F m q . If C has dimension r, we say that C is an [m, r] q -code. A generator matrix G for a linear code C is a (r × m)-matrix over F q whose rows form a basis of C, i.e. C = {xG : x ∈ F r q }. We may consider F m q as a metric space endowed with the Hamming distance d H , i.e. d H (x, y) is the number of entries in which x and y differ, with x, y ∈ F m q . The Hamming weight w H (c) of a codeword c ∈ C is the number of nonzero entries of c, or equivalently w H (c) = d H (c, 0). Recall that the minimum weight of a linear code coincides with its minimum distance. Let denote by A H i the number of codewords of C with Hamming weight i. The (Hamming) weight enumerator is defined as the following polynomial
This polynomial gives a good deal of information about the code and it is an important invariant, been calculated for few families of codes. Also, it is used in the probability theory involved with different ways of decoding. A ℓ-weight code C is an [m, r] q -code having ℓ nonzero weights w 1 < . . . < w ℓ , i.e. if the sequence (A H 1 , . . . , A H m ) have exactly ℓ nonzero entries. If ℓ ≤ r we say that the code has few weights. Much of the focus on linear codes to date has been on codes with few weights, especially on two and three-weight codes, for their applications in secret sharing [13] , authentication codes [18] and their connections with association schemes [6, 5] and with graphs [33] .
Let n, r, h be positive integers such that h ≤ r − 1 and h + 1 | rn, and let q be a prime power. Denote by θ i = q i+1 −1 q−1 for any i ≥ 0. In this paper we deal with a geometric construction of linear [θ rn h+1 , r] q n -codes with at most h + 1 weights, determining their weight enumerator and the possible distribution of their weights, see Section 4. In particular, for h = r − 1 this construction yields to r-weight codes connected with a special class of maximum rank distance codes, see Section 5. When h = 2 we prove that our construction yields to three-weight codes, cf. Section 6, and examples of almost MDS codes in even characteristic, c.f. Remark 6.6. Finally, in Section 7, we present suitable choices for generator matrices when h = 2 and h = r − 1.
Some known linear codes with few weights
In the literature the known constructions for linear codes with few weights arise either from linear algebraic tools, based on the properties of the trace function, or from a geometric point of view.
In [16, 17] , the authors define a class of linear codes as follows. Let Tr q/p denote the trace function from F q to F p , i.e. Tr q/p (x) = h−1 i=0 x p i . Let D = {d 1 , . . . , d m } ⊆ F q and let Then C D is a linear code of length m over F p and D is called its defining set. Most of the known constructions for codes with few weights come from C D by selecting properly the defining set D. For instance, in [13] the authors choose D = {x ∈ F * q : Tr q/p (x 2 ) = 0}. Then
and C D has length |D| and either two or three different weights according to the parity of h.
For the geometric type construction we need the following notion. A projective [n, r, d]-system is a finite (multi-)set M of points of PG(r − 1, q), not all of which lie in a hyperplane, where n = |M| , and
see [2] . Note that the cardinalities above are counted with multiplicities in the case of a multiset. By defining the (r ×n)-matrix G by taking as columns the coordinates of points of M, then G is the generator matrix of a linear [n, r] q -code C M .
Conversely, let G be an (r × n)-generator matrix of a nondegenerate [n, r] q -linear code C, that is a code without coordinates being zero for every codeword. The (multi-)set of one dimensional subspaces of F r q spanned by the columns of G, may be considered as a (multi-)set M of points of PG(r − 1, q). So, there is a one to one correspondence between nondegenerate linear codes and projective systems. Furthermore, for any non-zero vector v = (v 1 , v 2 , . . . , v r ) in F r q , we have that the projective hyperplane [34] .
In particular, we are interested in three-weight codes, i.e. those arising from (multi-)set with three intersection numbers w.r.t. hyperplanes. Despite of the number of the algebraic constructions for three-weight codes, see e.g. [13, 14, 15, 33, 35] , there are few known geometric constructions [19] . A general geometric construction for three-weight codes has been given in [1] . Let a ∈ F * q 2 , b ∈ F q 2 \F q and B(a, b) be the affine algebraic set of AG(r −1, q 2 ) of equation
Let P ∞ be the point at infinity of the non-degenerate Hermitian variety of AG(r − 1, q 2 ) with affine equation
Let r be a odd positive integer and let j be a positive integer greater than one. Providing some conditions on a, b and q (cf. • q 2r−3 − q 2r−5 ;
• q 2r−3 − q 2r−5 + q r−3 + j;
• q 2r−3 − q 2r−5 + q r−3 − q r−2 + j.
When j = q r−2 − q r−3 or j = q 2r−5 − q r−3 , C B(a,b) is a three-weight code.
Note that when C B(a,b) is a three-weight code, it is also q-divisible, i.e. all the nonzero weights are divisible by q.
Generalities on linear sets
Let V be an r-dimensional F q n -vector space. A point set L of Λ = PG(V, F q n ) = PG(r − 1, q n ) is said to be an F q -linear set of Λ of rank k if it is defined by the non-zero vectors of a k-dimensional F q -vector subspace U of V , i.e.
We will also denote its rank by rk(L U ).
Let Ω = PG(W, F q n ) be a subspace of Λ and let L U be an F q -linear set of Λ, then Ω ∩ L U = L W ∩U , and if dim Fq (W ∩ U) = i, i.e. if the F q -linear set Ω ∩ L U = L W ∩U has rank i, we say that Ω has weight i in L U , and we write w L U (Ω) = i. Note that if Ω has dimension s and L U has rank k, then 0 ≤ w L U (Ω) ≤ min{k, n(s + 1)}. In particular, a point P belongs to an
holds true. Hence, L U is called scattered if it achieves the bound (1), or equivalently if all of its points have weight one.
More recently, extending the definition given in [24] and in [32] , the family of h-scattered linear sets has been introduced in [9 
When h = r − 1 and dim Fq U = n, we obtain the scattered linear sets w.r.t. hyperplanes introduced in [24] and in [32] .
In this paper we will deal with h-scattered linear sets of maximum rank, showing that they provide families of point set with few intersection numbers w.r.t. hyperplanes, yielding to codes (equipped with Hamming distance) with few weights. To this aim, let us recall some properties of h-scattered linear sets proved in [9] . In [9, Theorem 2.3], it has been proved a bound on the rank of a h-scattered
which generalizes the bound given by Blokhuis and Lavrauw in [4] for the classical scattered linear sets. Constructions of h-scattered F q -linear sets attaining the bound (2) have been presented in [9, Theorems 2.7 and 3.6] for h > 1 and in [28, Section 4] , [24, Section 3] and in [32, Corollary 4.4] for h = r − 1. Therefore, h-scattered F q -linear sets attaining (2) are called maximum h-scattered F q -linear sets. From now on, we will consider only maximum h-scattered F q -linear sets. In [9, Theorem 2.8 and Section 5], the authors also show that such linear sets have few possible intersection numbers with respect to hyperplanes. Indeed, if L U is a maximum h-scattered F qlinear set in Λ = PG(r − 1, q n ) then for each hyperplane H = PG(r − 2, q n ) of Λ we have that
hence for any hyperplane H we have that the possible h + 1 intersection numbers w.r.t. hyperplanes are
Remark that θ −1 = 0. For h = 1, in [4] , the authors proved that there exist hyperplanes intersecting the linear set in θ rn 2 −n−1 and θ rn 2 −n points, i.e. maximum scattered linear sets are two character sets. When h > 1 it is not known whether for all the intersection numbers in (3) there exist at least one hyperplane intersecting the linear set in such a number of points. We will solve this problem for the h = r − 1 and h = 2 cases, see Sections 5 and 6. Since the intersection numbers w.r.t. hyperplanes for a maximum h-scattered linear set are at most h + 1, they provide examples of codes with few weights, as we will see in the next sections.
Constructions
In this section we exhibit codes (equipped with Hamming metric) with few weights arising from maximum h-scattered linear sets following the geometric construction presented in Section 2, and the papers [5, 6] and [22, Section 2.6]. Now, let L U be a maximum h-scattered linear set in Λ = PG(r − 1, q n ).
Denote by N its number of points, i.e. N = q rn h+1 −1 q−1 , and let
Consider G as the (r × N)-matrix with the points of L U as columns. Since L U = Λ, the rank of G is r, so G is the generator matrix of an F q n -linear code C L U of dimension r and length N.
Suppose that c j = 0, then a 0 g 1j + · · · + a r−1 g rj = 0. This happens if and only if the point (g 1j , . . . , g rj ) F q n belongs to the hyperplane with equation a 0 x 0 + · · · + a r−1 x r−1 = 0. Therefore, denoting by H :
Hence, by (3), we have the following. In the next sections, we will determine the weights and the weight enumerators for h = 2 and h = r − 1.
Weights for h = r − 1
As already remarked, to find the weights of the aforementioned codes is equivalent to find all the sizes of intersections w.r.t. the hyperplanes of a fixed maximum h-scattered linear set, i.e. its intersection numbers w.r.t. the hyperplanes. In Section 3, we mentioned that the possible intersection numbers of a maximum h-scattered linear set w.r.t. hyperplane are h + 1, but it is not known whether for each of these values we may find at least one hyperplane intersecting the linear set in such a number of points. Here, we point out that for h = r − 1 all the aforementioned intersection numbers are nonzero and hence we get an r-weight code.
Connections with MRD-codes
Before considering the h = r − 1 case, i.e. scattered linear sets w.r.t. hyperplanes, we briefly point out some basic properties of MRD-codes and their connection with such a kind of linear sets. A rank metric (or RM) code C of F n×m q , n ≤ m, can be considered as a subset of Hom Fq (U, V ), where dim Fq U = m and dim Fq V = n, with rank distance defined as d(f, g)
Rank metric codes for which (4) holds with equality are called maximum rank distance (or MRD) codes.
We will only consider F q -linear MRD-codes of F n×n q , i.e. those which can be identified with F q -subspaces of End Fq (F q n ). Since End Fq (F q n ) is isomorphic to the ring L n,q of q-polynomials over F q n modulo x q n − x, i.e.
with addition and composition as operations, we will consider C as an F qsubspace of L n,q . We will need the following property on the number A i of matrices in C having rank i.
More in general, the weight distribution of an MRD-code was precisely determined by Delsarte in [12] (and later by Gabidulin in [20] ). 
for ℓ ∈ {0, 1, . . . , n − d}.
Given two F q -linear RM-codes, C 1 and C 2 , they are equivalent if and only if there exist two invertible F q -linear map ϕ 1 , ϕ 2 ∈ L n,q and ρ ∈ Aut(F q ) such that
where • stands for the composition of maps modulo x q n − x and f ρ (x) = a ρ i x q i for f (x) = a i x q i . For a rank metric code C, its left and right idealisers can be written as:
see [23] and [26] .
The relation between scattered linear sets w.r.t. hyperplanes and MRDcodes has been pointed out in [24] and in [32] , see also [9, Section 4.1]. More precisely, C is an F q -linear MRD-code of L n,q with minimum distance n−r+1 and with left-idealiser isomorphic to F q n if and only if C is equivalent to
. . , f r ∈ L n,q , which happens if and only if
is a scattered F q -linear set w.r.t. hyperplanes of rank n in Λ = PG(F r q n , F q n ) = PG(r − 1, q n ).
Scattered F q -linear sets w.r.t.the hyperplanes
Let L U be a scattered linear set w.r.t. the hyperplanes of Λ = PG(r − 1, q n ) with rk(L U ) = n, i.e. L U is a maximum (r − 1)-scattered linear set. Since rk(L U ) = n, then there exist f 1 (x), . . . , f r (x) ∈ L n,q such that
For each hyperplane H = PG(W, F q n ) = PG(r − 2, q n ) of Λ = PG(r − 1, q n ), by (3) we get that w L U (H) ∈ {0, . . . , r − 1}, i.e. |H ∩ L U | ∈ {0, 1, q + 1, . . . , q r−2 + · · · + q + 1}.
We show that for each i ∈ {0, . . . , r − 1} there exists at least one hyperplane H such that w L U (H) = i.
c.f. [32, Proposition 4.2] We prove that L U is an r-character set w.r.t. hyperplanes, i.e. it has r distinct intersection numbers w.r.t. the hyperplanes.
Theorem 5.5. If L U is a scattered linear set w.r.t. hyperplanes in Λ = PG(r−1, q n ), then it is an r-character set w.r.t. hyperplanes with intersection numbers given in (6) .
Proof. Consider i ∈ {0, . . . , r −1}, since L U is a scattered linear set w.r.t. hyperplanes, then by Subsection 5.1 the rank metric code D = f 1 (x), . . . , f r (x) F q n is an MRD-code. In particular, by Result 5.2, there exists in D at least one q-polynomial, say f (x) = a 0 x + . . . + a r−1 x q r−1 , whose image has dimension n−i over F q , i.e. its kernel has dimension i. Let H : a 0 x 0 +. . .+a r−1 x r−1 = 0. By Remark 5.4, it follows that the hyperplane H has weight i with respect to L U , i.e. it meets L U in θ i−1 = q i−1 + . . . + q + 1 points.
Corollary 5.6. The number of hyperplanes in Λ having weight i w.r.t L U (i.e. the number of hyperplanes meeting L U in θ i−1 points) is A n−i , where A j 's are defined as in (5) and i ∈ {0, . . . , r − 1}. Therefore, as a consequence Theorem 4.1 and Theorem 5.5 we have the following result.
where A j 's are given in (5).
Weights for h = 2
Let L U be a maximum 2-scattered linear set in Λ = PG(r − 1, q n ), in particular rk(L U ) = rn 3 . Since L U is scattered we also have that |L U | = θ rn 3 −1 . By (3), we have that for each hyperplane H = PG(r − 1, q n ) it follows that
. We are going to show that L U is a three-character set w.r.t. hyperplanes. Remark 6.1. In this section, n ≥ 3, since we are considering linear sets generating the all space with rank rn 3 , i.e.
which cannot be satisfied when n ≤ 2.
Denote by t i the number of hyperplanes of Λ with weight (r−3)n 3 + i w.r.t. L U , for i ∈ {0, 1, 2}. Since for each line ℓ of Λ we have that |L U ∩ℓ| ≤ q+1 and counting the hyperplanes, point-hyperplane pairs (A, H) with A ∈ H ∩ L U and point-point-hyperplane triples (A, B, H) with A = B and A, B ∈ H∩L U , we get the following equations in the variables t 0 , t 1 and t 2 ,
By the previous system we get that
.
Remark 6.2. For r = 3, maximum 2-scattered linear sets correspond to scattered with respect to lines (hyperplanes) in Λ = PG(2, q n ). Hence, by Theorem 5.5 we have that t 0 , t 1 and t 2 are positive and by Corollary 5.6 it follows that
Lemma 6.3. The values t 0 , t 1 and t 2 are nonzero for each r ≥ 3, q ≥ 2 and n ≥ 3.
Proof. By Remark 6.2, we may assume r ≥ 4. Since q ≥ 2, n ≥ 2 and r ≥ 4, it is clear that t 2 > 0. Whereas, t 1 > 0 if and only if
First note that
since it is equivalent to q n − q n−1 − q n−2 + 1 > 0, i.e. q 2 − q − 1 + 1 q n−2 > 0. and since q 2 − q − 1 > 0 for each q ≥ 2. Furthermore, since q rn 3 −1 ≥ q n−1 then (9) follows by (10) and hence t 1 > 0. Now, we show that t 0 > 0 too. Since
we have that t 0 > 0 if and only if t * 0 > 0. Note that
Since r ≥ 3 then
Also, since n ≥ 3 then
and hence t * 0 > 0. Therefore, we have the following. . Its weight enumerator is
where t i 's are defined as in (8).
Maximum scattered linear sets w.r.t. lines of the plane
When h = 2 and r = 3, by (8) , the number of lines t i with weight i w.r.t.
By the aforementioned construction, we get a three-weight code C L U of dimension 3 and length N, with weights
Furthermore, the weight enumerator is
Remark 6.6. Since the minimum distance is N − q − 1, the Singleton bound for such a code is
In particular, the defect in the Singleton bound is q − 1. For q = 2 we get an almost MDS code, i.e. a code for which the minimum distance is the difference of its length and its dimension. De Boer in [11] introduced those codes for the first time and very recently in [27] they have been used in secret sharing schemes.
Comparison with known families of three-weight codes
For the family of three-weight codes introduced above, we have that 3 divides rn and their length does not divide the order of the field minus one, which make these codes not equivalent to most of the known three-weight codes, see [13, Section VI] . As for the codes presented in [1] , when r > 3 the codes we construct are q-divisible, whereas for r = 3 this does not hold and hence in such a case the codes are not equivalent to those in [1] . Since the construction of [1] works for n even and r odd and since for r > 3 it gives codes with length divisible by q, our construction provides a large family of three-weight codes not equivalent to the aforementioned ones.
Generator matrices
The aim of this section is to exhibit generator matrices of the aforementioned linear codes. We start by considering an F q -linear set L U which is scattered w.r.t. hyperplanes of rank n in PG(r − 1, q n ), which, as seen before, may be written as
. . , f r (x) ∈ L n,q . Therefore, a matrix whose columns correspond to the following set of vectors
is a generator matrix for the code C L U . In the following table, we resume the known choices of the polynomials f 1 , . . . , f r defining scattered F q -linear sets w.r.t. the hyperplanes in PG(r − 1, q n ).
n r (f 1 (x), . . . , f r (x)) conditions references (x, x q s , . . . , x q s(r−1) ) gcd(s, n) = 1 [12, 20, 21] (x q s , . . . , x q s(r−2) , x + δx q s(r−1) ) gcd(s, n) = 1, N q n /q (δ) = (−1) nr [31, 25] (x) , . . . , f r (x)) be as in Table 1 and N = q n −1 q−1 . If G is a (r × N)-matrix whose set of columns is
. . , f r (x)) : x ∈ F * q n }, then G is the generator matrix of a r-weight linear [N, r] q n -code.
For maximum 2-scattered F q -linear sets we have less examples. A general construction for h-scattered linear sets is given by the following result. 
The linear set L U is h-scattered in Λ = PG(V, F q n ), with h = min{h 1 , . . . , h t }.
Hence, suppose that 3 | r. So, r = 3t and let Λ = PG(F 3t q n , F q n ). Let π = PG(W i , F q n ) be the projective subspace of Λ defined by π i : x j = 0, j ∈ {1, . . . , 3t} \ {i, i + 1, i + 2} for i ∈ {1, . . . , t}.
Thus we have Λ = π 1 , . . . , π t , and F 3t q n = W 1 ⊕ . . . ⊕ W t . For each i ∈ {1, . . . , t}, choose
as in Table 1 with r = 3. Then consider U i the set of vectors (a 1 , . . . , a 3t )
It follows that U i is an F q -subspace and L U i is a 2-scattered F q -linear set in π i . Therefore, by Theorem 7.2 we have that
. . , f t 1 (x t ), f t 2 (x t ), f t 3 (x t )) : x i ∈ F q n } defines a maximum 2-scattered F q -linear set in Λ. Hence, a (3×θ tn−1 )-matrix G over F q n whose columns correspond to the following set of vectors
is a generator matrix for the code C L U . Therefore, we have the following.
Theorem 7.3. Let q be a prime power, t be a positive integer t ≥ 2, N = θ tn−1 = q nt −1 q−1 and (f j 1 (x), f j 2 (x), f j 3 (x)) as in Table 1 for each j ∈ {1, . . . , t}. If G is a (3×N)-matrix G over F q n whose columns correspond to the following set of vectors
then G is the generator matrix of a three-weight linear [N, 3] q n -code.
